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ABSTRACT 



We calculate the symmetry energy of the nuclear matter by using the bottom-up approach, 
so called hard wall model. To consider the nuclear matter, we introduce the isospin for u- and 
d-quarks. We find that in the hard wall model, the symmetry energy of the nuclear matter is 
proportional to the square of nucleon density. We also study the symmetry energy of the quark 
matter in the deconfining phase. Finally, we investigate the effect of the symmetry energy on the 
Hawking-Page transition and show that at the given quark density, the Hawking-Page transition 
temperature decreases due to the symmetry energy. 



*e-mail : cyong21@sogang.ac.kr 



Contents 



4 The holographic free energy of quark matter 



3 The holographic free energy of the nuclear matter 



2 Nuclear matter in the hard wall model 



1 Introduction 



Q 



5 Hawking-Page transition in the nuclear medium 



10 



6 Conclusion 



12 



1 Introduction 

Knowing the density dependence of nuclear symmetry energy is an important issue understand- 
ing not only the structure of radioactive nuclei [H El E] but also nuclear astrophysics such as 
the neutron star and supernova [H [U [6] . It is well known that the nuclear symmetry energy at 
normal nuclear matter density is known to be around 30MeV [Tj [8] but the nuclear symmetry 
energy in other densities is poorly known [9l[T0]. Although the lattice QCD is a powerful method 
to understand the strongly interacting QCD, there are still many problems regarding the dense 
medium effect. The AdS/CFT correspondence [HI [121 [13] can shed light on understanding var- 
ious aspects of the dense medium effect. Recently, by using this AdS/CFT correspondence the 
nuclear symmetry energy was investigated in the top-down approach [T3]. In this paper, we will 
investigate the nuclear symmetry energy in the bottom-up approach, so called hard wall model, 
and the effect of it on the deconfiment phase transition of the QCD-like gauge theory. 

In the original hard wall model [15], where an IR cut off was introduced to explain the 
confining behavior, various meson spectra and decay constants were investigated. After this 
original work, there were various extensions to improve the model, like the soft wall model 
|16| or top-down approaches in the string theory [n\ [T8] , and to include the gravitational back 
reaction of various bulk fields corresponding to the gluon condensate |19j or the chiral condensate 
|15tl2U|. By considering the Hawking-Page transition between the thermal AdS (tAdS) space and 
the Schwarzschild AdS black hole, the deconfiment phase transition of the dual gauge theory was 
explained in the zero quark density limit [21] . This calculation was generalized to the case having 
nonzero quark density [22^ 123^ 12^. To describe the nonzero quark density, the time component 
of the vector gauge field, whose dual operator in the dual gauge theory corresponds to the quark 
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density, was introduced, which modifies the background geometry. In the deconfining phase, the 
geometry of the dual gravity is described by a Reinssner-Nordstrom AdS (RNAdS) black hole. 
The geometry corresponding to the confining phase should be a non-black hole solution. The 
solution satisfying the Einestein and Maxwell equations is given by the thermal charged AdS 
(tcAdS) space, which has a singularity at the center. To describe the confining behavior we 
should introduce an IR cut ofi', which can also resolve the singularity problem at the center of 
the tcAdS space. By comparing the free energies of the tcAdS and RNAdS, the deconfinement 
phase transition depending on the temperature and quark density was investigated and it was 
also shown that the resulting shape of the phase diagram is very similar to the expectation of the 
phenomenology [M]. In addition, the screening effect of the heavy quarkonium |25 t 1261 \Tl\ I28| 
and the spectra of various light mesons were also investigated in the tcAdS background [23]. 
The similar study was also done in the soft wall model [29]. 

In this paper, we further generalize the above set-up by introducing the isospin. We first 
consider the U(2) fiavor symmetry group, whose diagonal group elements give the information 
for the quark density and isospin of quarks of the dual gauge theory. Using these informations, 
we can describe the quarks of the dual gauge theory as u- or d-quarks. In the confining phase, 
the number of u- and d-quarks can be easily identified with the number of nucleons, proton and 
neutron. If the number of u- and d-quarks are different, the free energy of this system has three 
parts. The first depends only on the IR cut off, which is independent of the quark density. The 
second is proportional to the total quark density. These two parts are irrelevant with the number 
difference between u- and d-quarks (or proton and neutron). The last one is proportional to the 
number difference between proton and neutron. The coefficient of this number difference in the 
free energy is usually called the symmetry energy. We found that the symmetry energy of the 
nuclear matter is proportional to the square of the nuclear density. 

We also investigate the similar symmetry energy in the deconfining phase. In the deconfining 
phase corresponding to the RNAdS geometry, there exist free quarks instead of nucleons. We 
calculate the free energy of this system, which contains a term proportional to the number 
difference between u- and d-quarks. We identify this energy with the symmetry energy of 
the quark matter. In general, the symmetry energy of the quark matter is a very complicated 
function of the temperature and quark density. In the high temperature and high density regime, 
we find that the symmetry energy of quark matter is proportional to the square of the total 
quark density and to the inverse square of the temperature. 

Finally, we investigate the effect of this symmetry energy on the Hawking-Page transition 
and show that the symmetry energy decreases the Hawking-Page transition temperature at the 
given quark density. 
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The rest part is as follows: In Sec. 2, we explain our set-up and background solutions. In 
Sec. 3, the free energy of the nuclear matter is calculated and the nuclear symmetry energy is 
extracted from the nuclear free energy. In Sec. 4, we also calculate the symmetry energy of the 
quark matter. In Sec. 5, by comparing the results in Sec. 3 and Sec. 4, we investigate the 
Hawking-Page transition depending and the effect of the symmetry energy, Finally, we finish 
our work with concluding remarks in Sec. 6. 

2 Nuclear matter in the hard wall model 

In this section, we will consider the gravity theory dual to the nuclear matter following the 
AdS/QCD correspondence. To describe the nuclear matter in the confining phase or quark 
matter in the deconfing phase, we consider the following Euclidean Einstein- Yang-Mills theory 

1 . ..1 



S = / d^xVG 



i-n + 2A) + -^Tr FmnF^''' 
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where Fmn = QmA^ — d^A^ — ig [AM,A]\r]. In the above. Am = ^m^'^ and T°-, where a 
runs from to Nj — 1, are the gauge field and generator of the U{Nf) flavor symmetry group. 
To describe proton and neutron, we concentrate on the case having two flavors Nf = 2. For 
the U (2) flavor symmetry, the generators are proportional to the identity matrix 1 and Pauli 
matrices a"" 

TO = i and T" = ^ (a = 1,2,3), (2) 

where we use the normalization Tr T"T^ = ^^^""^ (cti ^ = 0, 1, 2, 3). Usually, the boundary values 
of the diagonal elements of the bulk gauge field, A^ and Aq, have the definite meanings cor- 
responding to the quark and isospin chemical potential respectively. So it is sufficient to turn 
on and to describe proton and neutron, where the lower and upper indices are for the 
space-time and flavor group respectively. In this set-up, the off-diagonal components of the bulk 
gauge field can be considered as fluctuations describing the mesons of the dual gauge theory. 
Introducing 

Al,^{A\, + A\,) and < ^ « - ^3,) , (3) 

the time component of the redefined gauge fields can describe u- and d-quark. In addition, the 
action ([1]) can be rewritten in terms of u- and d-quark as gauge fields 

^ (-^ + 2A) + Y^i^M^i^""'^ + -^^HinF'''' 

Here, since we turn on elements of the Cartan subgroup only, the gauge group is reduced from 
U{2) to U{1) X U{1) and the field strength of them becomes one for the Abelian group 



S = / d^xy/G 



(4) 



F^j^ = dMA% - OnAI,, (5) 
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where a implies u and d. From this action, the Einstein and Maxwell equation read off 

,.2 



i=u,d 



= -^dMVGg^'^'g'^'^F^Q, (6) 



G 

which is the usual equation of motion for the Einstein-Maxwell theory having two U(l) charges. 
So we can easily expect that the most general solution is given by the Reissner-Nordstrom AdS 
(RNAdS) black hole including two charges, whose metric form is 

ds'^ = ^ (f{z)dt^ + -Jr^dz^ + dxA . (7) 



To describe u- and d-quark, we turn on the time-component of gauge field depending only on 
z-coordinate 

A'^ = Aa{z) and ^^ = (a = u, d and i = 1, 2, 3) (8) 
where i implies the spatial directions. Then, the solution of the Maxwell equation is given by 

Ao,{z) =i{fla- Qa Z^) . (9) 

In the dual gauge theory side, and Qa can be interpreted as the chemical potential and the 
number density of u- or d-quark. Inserting d?]) and ([9]) into the Einstein equation, the black hole 
factor f{z) = fRN{z) is given by 

fjiN{z) = l-mz^+{qu^ + qd^)z\ (10) 

where and correspond to two black hole charges and m is the black hole mass. Notice that 
Qa and Qa are not independent parameters, which satisfy 

i = (11) 

This RNAdS black hole is the most general solution and corresponds to the deconfining phase 
of the dual gauge theory. To describe the nuclear matter, we should find another geometric 
solution corresponding to the confining phase, which is not a black hole solution. The non-black 
hole solution, which we call thermal charged AdS (tcAdS), is given by 

fiz) = Mz) = l + {qJ + q/)z^ (12) 

with the same relations in ([9]) and (jlip . which also satisfies the Einstein and Maxwell equations 
in dni). For the tcAdS space to describe the confining behavior, we should add an IR cut off at 
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ziR, which is cahed the hard wah model. Then, the ahowed range of z is from zjr to z = 0, 
where z = corresponds to the boundary. Although the tcAdS solution has a singularity at the 
center {z — )• oo), we can safely use the tcAdS space in the hard wall model because the IR cut 
off prevents all bulk quantities from approaching to this singular point. The basic degrees of 
freedom in the confining phase are not quarks but nucleons, so we need to rewrite the u- and d- 
gauge fields in terms of ones for nucleons. Anyway, for later convenience we continue to use the 
u- and d-quark notations and rewrite them later in terms of nuclear quantities. 

3 The holographic free energy of the nuclear matter 

In this section, we will investigate the thermodynamic energy of the dual gauge theory. De- 
pending on the boundary condition of the bulk gravity theory, the dual gauge theory can be 
described by a grand canonical or canonical ensemble. If we impose the Dirichlet boundary 
condition to the bulk gauge field, which fix the chemical potential of the dual gauge theory, the 
corresponding thermodynamic energy is described by the grand potential of the grand canonical 
ensemble. On the contrary, the Neumann boundary condition fixes the quark number density, 
so it gives the free energy describing the canonical ensemble. These two thermodynamic free 
energies are related by the Legendre transformation. Here, we will study these thermodynamic 
free energies by using the holographic calculation. 

First, we study the grand potential. Imposing the Dirichlet boundary condition at the 
boundary z = 

^a(O) = i/^Q {a = u,d), (13) 
the on-shell gravity action of the tcAdS, in which we insert an IR cut off at z/k, becomes 

where V3, e and /3tc means the three-dimensional volume, the UV cut off and the periodicity 
in the Euclidean time coordinate. Taking the e — )• limit makes the above on-shell action 
divergent, so we should renormalized it for the finiteness of the on-shell action. Although there 
are several ways to renormalize it, here we adjust a background subtraction method in which we 
subtract the background effect from the above. Since the asymptotic geometry of our model is 
a five-dimensional Euclidean AdS or thermal AdS (tAdS), we remove the contributions of tAdS 
space from the above. The tAdS is described by the following action 

/3t f foo 1 

, . / ,Q / , r 



St= I dt I d-'x I dz^ i-TZ + 2A) , (15) 
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whose solution satisfying the Einstein equation is given by 



n2 

ds^ = — {df + dz^ + dx'^) . (16) 
Then, the on-shell action for the tAdS becomes 

St-^^^, (17) 

where we use a different time periodicity pt, which can be determined in terms of /3fc by requiring 
the same circumferences of tAdS and tcAdS at the UV cut off 

(3t = Ptc + 0{e^). (18) 

Notice that the correction term 0{e^) in the above does not give any effect as e — t- 0. So, the 
renormahzed action with the Dirichlet boundary condition at the UV cut off is given by 



s£ = ^f-4-gi«35 + Q3)). (19) 



The above on-sheh action is related to the grand potential of the boundary theory 

^tc = ^, (20) 

Ptc 



which is function of T and So Qa in (jl9p should be considered as a function of fia- To 
determine the relation between Qa and /i^, we first assume the following relation 

Qa = CHa, (21) 

where c is an arbitrary constant. In general, we can choose Qa as an arbitrary function of fj,a but, 
as will be shown later, only the above form provides the well-defined Legendre transformation. 
From the thermodynamic relation, the total number of quark is given by 

«=^^.V„. (22) 

Therefore, after the Legendre transformation, the free energy becomes 

RV z"^ c 

Ftc = n+ J2 = ^ + 3^2^ Yl (23) 

a=u,d a=u,d 

in which the fundamental variable is not fia but Qa- 

As shown in Ref. , this free energy can be calculated in a different way. If we impose the 
Neumann boundary condition to the gravity action instead of the Dirichlet boundary condition. 
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since the Neumann boundary condition fixes the quark density, the on-shell action is proportional 
to the free energy of the boundary theory. To impose the Neumann boundary condition, we 
should add a boundary term, which fixes the charge Qq, to the original action Vanishing 
of the action variation with respect to the gauge fields with the Neumann boundary condition 
determines the additional boundary terms as 

= E (24) 

a=u,d 

where G*-^-* is the determinant of the boundary metric and the unit normal vector is given 
by n^^ = |o, 0,0,0, — ;^\//tc(-z)|- For the well-defined Legendre transformation, this additional 
boundary term after divided by fitc should be same as the sum of Ha^a in ([23|) . This requirement 
fixes the constant c to be 

(25) 



Substituting this relation into ()22p . we finally obtain 



iVa = ^Qa. (26) 



The value of can be determined by several ways. By comparing the current-current correlation 
function of this model with the result of the phenomenological model, was fixed by l/g"^ = 
Nc/il27r'^R) [Ullsg. Also, by comparing the D3-D7 brane set-up, the different value of 1/g = 
Nc/{4:Tt'^R) was used \23\ I24|. In all case, is proportional to the number of color. In this 

paper, for the convenience, we choose = R/2Nc, where is the number of color. Then, from 
a can be interpreted as the number density of one color quark. 
The free energy density of the canonical ensemble becomes 

As mentioned previously, the fundamental elements of the confining phase are not quarks but 
nucleons. Since the number of particles are preserved in the canonical ensemble, the free energy 
can be without loss of generality rewritten in terms of the number of proton Np and neutron 
Nn by using the fact that proton (or neutron) is composed of two u-quarks and one d-quark (or 
one u-quark and two d-quarks) 

Nu = 2Np + Nn and Nd = Np + 2iV„. (28) 
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If we denote the total number of nucleons by = Np + Nn, the free energy density can be 
written as 



where p = N/V^, means the nucleon number density. Here, the coefficient of the last term, which 
describe the contributions coming from the number difference between proton and neutron, is 
called the symmetry energy Eg 

^ _ 9 ^IR 2 ,oQ^ 

Recently, it was shown that the symmetry energy is proportional to p^/^ in the top-down ap- 
proach, especially D4-D6 brane set-up, numerically [H]. In the hard wall model, we find that 
the symmetry energy is proportional to with analytic calculation. 

4 The holographic free energy of quark matter 

In this section, we will investigate the holographic free energy of quark matter composed of two 
different quarks, u- and (i-quarks. To investigate the quark matter holographically we should 
take into account the RNAdS black hole geometry. Though the RNAdS black hole geometry 
can be usually characterized by the black hole mass and charges, more fundamental quantities 
in the dual gauge theory are the temperature and quark density in the canonical ensemble (or 
the chemical potential in the grand canonical ensemble). So it is more convenient to rewrite the 
black hole mass in terms of the temperature and quark density. From the definition of the balck 
hole horizon fRNizh) = 0, the black hole mass can be rewritten in terms of the temperature and 
the black hole horizon as 

m=\ + {(ll + Qd)4, (31) 

where the black hole charges qu and qd are directly related to the quark density. Inserting this 
relation to the definition of the Hawking temperature, we finally obtain 

^"""^ ^ ^ " i " ^ ^"^^') ' ^^^^ 
in which we can regards function of the temperature and quark density (or chemical 

potentials). 

At first, we calculate the grand potential of the dual gauge theory for which we should impose 
the Dirichlet boundary condition at the boundary = ipa- Then, the gravity one-shell action 
as a function of Trn and pa becomes 

^RN = ^^^PrN - ^ - Qg2jl2 + Qd)zh^ > (33) 
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where e implies the UV cut off and Qa is a function of the chemical potential /ia. To determine 
Qa, we should impose the regularity condition of Aa at the horizon, which is satisfied for 
-^ai^h) = 0. From this regularity condition, the charge Qa can be reexpressed as a function of 
the chemical potential 

= (34) 

In terms of the temperature and the chemical potentials, the on-shell gravity action is given by 

jj WV^ I [ I 1 , 2 , 2x 1 



^RN — 2~T^ ( ^ 4 ~ « 2 d2 ^^d)— ] ) (35) 

where Zh is a function of the temperature and the chemical potentials. Here, when e — >• the 
above grand potential diverges, so that we should renormalized it. By subtracting the on-shell 
gravity action of the background tAdS, we can find the renormalized action related to the grand 
potential O 

^RN _ 1/1 , 2 , 2^ 1 



where we use the fact that the temperature Tt of the tAdS space is related to Trn of the RNAdS 
black hole 



From the grand potential in (j36p . the particle number can be calculated by using the thermo- 



dynamic relation Nq, = After the tedious calculation, the quark number is given by 



Na = ^Qa, (38) 

which is the same form as one in (|26|) calculated in the confining phase. Via a Legendre trans- 
formation the free energy in the canonical ensemble is given by 

Frn^Q+Y, ^,iV, = ^ ("--L + j^iQl + qm) , (39) 

a=u,d \ h y / 

where is given by a function of Trjv and the quark number density Qa- Notice that we can 
also reproduce the same free energy by calculating the on-shell gravity action together with 
the Neumann boundary condition, as shown in the previous section, instead of the Dirichlet 
boundary condition. In terms of the total quark density Q = Qu + Qd and density difference 
D = Qu — Qd, the black hole horizon Zh as a function of Trat, Q and D can be determined from 

^- = ^(l-24^(«' + °^' W 
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and the free energy is rewritten as 

F / 1 5k2 



In the high quark density Q ^ 1 and the high temperature <^ f^i(^Q2_^£)i^ hmit, the 
temperature can be approximated with Trat ~ l/(7rz^), so the free energy becomes 



From this result, we can also define the symmetry energy of the quark matter which is given 
by the coefficient of ^ via taking the analogy to the symmetry energy in the nuclear medium. 
Then, we can see that in the high temperature and high quark density limit, the symmetry 
energy of the quark matter becomes 

El ^ _^Q1_ (43) 

From this, we can see that the symmetry energy of the quark matter is proportional to the 
square of the quark density and the inverse square of the temperature. 

5 Hawking-Page transition in the nuclear medium 

Now, we consider the Hawking-Page transition, which is identified with the deconfinement phase 
transition of the dual QCD-like theory. If we ignore the isospin of the bulk gauge field by turning 
off Al in dSl), there is no difference between u- and d-quarks, so that u- and d-quarks have the 
same chemical potential energy and the number density. In this case, the free energies of the 
confining and deconfining phase simply reduce to ones in Ref. ^l] by setting Np = Nn in 
and Qu = Qd in (|39|) and their Hawking-Page transition was fully investigated in Ref. 
where the phase diagram expected by the phenomenology was obtained. In this paper, we 
will investigate the effect of the symmetry energy caused by the isospine on the Hawking-Page 
transition. 

In terms of the quark number density, the renormalized action of tcAdS and RNAdS black 
hole with the Neumann boundary condition are given by 

2 



2zl 24ii2^2 



= ^-^Ptc[-^ + rr:ri^{Q''+D')zj^], (44) 



\ Z 



nR 



VlR^g 
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Figure 1: The Hawking-Page transition depending on the density difference between u- and d-quarks, 
where we set i? = 1 and I/k^ = NI/Att'^R^ whh A^c = 3 and zjr = l/323MeV. 

where Q and D are total quark number density and the density difference between u- and d- 
quarks respectively. By matching the Euclidean time circumferences of two geometries, we can 
reexpress /3jc in terms of /J/jat at the UV cut off, e. 



Because the actions in (|44p have no divergence, the second term in (|45p does not play any role 
for e — ?■ 0. As a result, the action difference between these two geometries is given by 



result in Ref. [23] with the redefinition of parameters. The Hawking-Page transition occurs at 
AS* = 0. Suppose that at the critical point Zh = Zc, AS becomes zero. At this critical point 
describing the Hawking-Page transition, + can be determined as a function of Zc from 



(3tc = Prn + O(e') 



(45) 





(47) 




(48) 



For a fixed Q, if we rewrite D as aQ with < |a| < 1, (j47p can be rewritten as 




(49) 
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Using (j48p and (|49p . we draw the Hawking-Page transition curve in Figure 1. For a = 0, our 
system has equal number of u- and d-quarks and there is no symmetry energy. In this case, the 
Hawking-Page transition is the same as one obtained in Ref. [23] with different normalization. 
For a = 1, the system is composed of only one species, u- or d-quark, and has the maximum 
value of the symmetry energy. In Figure 1, the Hawking-Page transition temperature at a given 
Q decreases due to the symmetry energy caused by the isospin. 

6 Conclusion 

We investigated the symmetry energy of the nuclear matter by using the hard wall model with 
U (2) flavor group. This U{2) flavor group contains two U (1) diagonal subgroups, which are dual 
to quark density and isospin respectively. Using this fact, we considered the nuclear matter, 
proton and neutron. For the confining behavior, we introduced an IR cut off in the thermal 
charged AdS background. After calculating the free energy of this system, we found that the 
symmetry energy of the nuclear matter is proportional to the square of the nucleon density. 

We also calculated the free energy of quark-gluon plasma composed of u- and d- quarks. 
In this case, there exists a similar symmetry energy coming from the number difference of u- 
and d-quarks. In the high density and high temperature region, the symmetry energy of the 
quark matter is proportional to the square of the quark density and the inverse square of the 
temperature. 

Finally, by comparing two free energies for the nuclear matters and the quark matter, we 
investigated the effect of the symmetry energy on the Hawking-Page transition corresponding 
to the deconfinement phase transition of the dual gauge theory. We found that at a given quark 
density, the symmetry energy decreases the Hawking-Page transition temperature. 
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